We study the maximum number of ÿxed points of boolean networks with local update function AND-OR. We prove that this number for networks with connected digraph is 2 (n−1)=2 for n odd and 2 (n−2)=2 + 1 for n even if the digraph has not loops; and 2 n−1 + 1 otherwise, where n is the number of nodes of the digraph. We also exhibit some networks reaching these bounds. To obtain these results we construct a bijection between the maximal independent sets of the digraph and the ÿxed points of the network belonging to a particular family of AND-OR networks. ?
Introduction
An AND-OR network is deÿned as a ÿnite digraph, where to every node i a boolean variable and a boolean update function of type AND or OR are associated. An extensive study on the dynamical behavior of these networks is done in [2] .
The AND-OR networks are a particular class of boolean networks, which have been extensively used to model mainly genetic regulatory systems [2, 6, 7] and networks of neurons [3] [4] [5] . In this context, the ÿxed points have been studied for their practical applications [1, 3, 8] .
In this paper we study the maximum number of ÿxed points that any AND-OR network can have. First, we study the networks with digraph without loops. As we shall see in Section 2, for this class of networks, there exists a family of AND-OR networks F with bipartite symmetric connected digraphs and with the maximum possible number of ÿxed points. In Section 3, for each AND-OR network of the family F, we construct a bijection between its ÿxed points and the maximal independent sets of the digraph. Next, we use some results of Liu in [9] on the number of maximal independent sets in bipartite graphs, and we determine that the maximum number of ÿxed points in AND-OR networks with digraphs without loops is equal to 2 (n−1)=2 for n odd, and 2 (n−2)=2 + 1 for n even where n is the number of nodes of the digraph. Finally, we use this upper bound to prove that the maximum number of ÿxed points in the case of digraphs with loops is 2 n−1 + 1. Moreover, we exhibit some examples of the AND-OR networks realizing the bounds for both cases.
The rest of this section contains some basic deÿnitions and notation.
Deÿnitions and notation
Let G = (V; E) be a digraph (or directed graph) where V = {1; : : : ; n} is the set of nodes (or vertices) and E ⊆ V × V is the set of arcs. The set of nodes of a digraph G is referred to as V (G), its set of arcs as E(G). An arc (i; i) i ∈ V (G) is called a loop.
We denote by + G (i) ( − G (i)) the set of nodes j such that (i; j) ∈ E(G) ((j; i) ∈ E(G)). A digraph G is connected if for any couple of vertices i = j ∈ V (G), there exist nodes i = i 0 ; i 1 ; : : : ; i p = j in V (G) such that (i k ; i k+1 ) ∈ E(G) or (i k+1 ; i k ) ∈ E(G) for all k =0; : : : ; p−1. G is strongly connected if for any couple of vertices i = j ∈ V (G), there exist nodes i =i 0 ; i 1 ; : : : ; i p =j in V (G) such that (i k ; i k+1 ) ∈ E(G) for all k =0; : : : ; p−1.
An AND-OR network is a 3-tuple N = (G; V AND ; V OR ) where G = (V; E) is a connected digraph; the sets V AND ; V OR are a partition of V (G); and each node i ∈ V (G) has associated a variable x i with state values 0 -1 and a local update function f i : {0; 1} n → {0; 1} deÿned as follows:
x ∈ {0; 1} n ;
where AND(x j ; j ∈ − G (i)) = 1 if and only if x j = 1 for all j ∈ − G (i), and OR(x j ; j ∈ − G (i)) = 1 if and only if there exists at least one input x l = 1; l ∈ − G (i). We will update a conÿguration x ∈ {0; 1} n synchronously, which consists into update all the vertices in a parallel way.
We say that two local update functions f i and f j are of the same type if either i; j ∈ V OR or i; j ∈ V AND .
In what follows we shall assume that every digraph G contains no source nodes (i.e., nodes i with | − G (i)| = 0). For a source node i, f i (x) would be constant, and it is easy to check that for every AND-OR network with nodes having a constant local update function associated there exists other AND-OR network with a lesser number of nodes and the same number of ÿxed points. Therefore this case is uninteresting.
We shall say that a vector x ∈ {0; 1} n is a ÿxed point of N if x is invariant under the application of the complete sequence of updates, that is, x i = f i (x) for every i ∈ V (G).
We shall denote by AON the set of AND-OR networks.
Construction of symmetric networks
In this section for a given AND-OR network N with digraph without loops, we construct a new AND-OR network N , with bipartite symmetric connected digraph without loops, and such that the ÿxed points of N are also ÿxed points of N . This construction is made in several steps. The ÿrst one consists in the transformation of N into an AND-OR network with no strongly connected components where all local update functions are of the same type and without changing the set of ÿxed points (function T 1 ). The second one is the construction of a network where the nodes with local update functions of the same type are not connected, and with the same set of ÿxed points (function T 2 ). And the last one consists in the construction of a network with symmetric digraph and at least the same ÿxed points (function T 3 ). The following deÿnition will be useful in the construction of T 1 .
Deÿnition 1. For a given AND-OR network N =(G; V AND ; V OR ) we say that subgraphs G 1 ; G 2 ; : : : ; G m of the graph G are an AND-OR decomposition of G if:
Note that any subgraph G l of the decomposition can contain a single node and that the AND-OR decomposition is unique.
Given an AND-OR network N =(G; V AND ; V OR ) and let G 1 ; G 2 ; : : : ; G m be the AND-OR decomposition of G, then for each subgraph G l we denote by i 0 (G l ) the smallest node i ∈ V (G l ). Now, we deÿne the function
; where
k; l ∈ {1; : : : ; m}} 
; ∀l ∈ {1; : : : ; m}};
where G 1 ; G 2 ; : : : ; G m is the AND-OR decomposition of G 1 ( Fig. 1 ). It is straightforward from the deÿnition that if N is a network with connected digraph, then the digraph of T 1 (N ) is also connected. On the other hand, it is also straightforward of the deÿnition that T 1 (N ) has no strongly connected subsets of nodes where all local update functions are of same type and
. Moreover, the sets of ÿxed points of both T 1 (N ) and N are the same as shown in the following two lemmas. Lemma 2. Let N = (G; V AND ; V OR ) be an AND-OR network with set of ÿxed points S. And let H be a strongly connected component of G such that all local update functions are of the same type, that is, either V (H ) ⊆ V AND or V (H ) ⊆ V OR . Then f i (y) = f j (y) for all i; j ∈ V (H ) and every vector y ∈ S.
Proof. Suppose that V (H ) ⊆ V AND . Let y ∈ S and (i; j) ∈ E(H ) such that f i (y) = 0 and f j (y) = 1. But since y i = f i (y) = 0, f j (y) = AND(: : : ; y i ; : : :) = AND(: : : ; 0; : : :) = 0, which is a contradiction. In the case where V (H ) ⊆ V OR the proof is analogous.
Lemma 3. The set of ÿxed points of a given AND-OR network N and its transformation T 1 (N ) is the same.
Proof. Let S and S 1 be the sets of ÿxed points of N = (G; V AND ; V OR ) and
, respectively, and let G 1 ; G 2 ; : : : ; G m be the AND-OR decomposition of G. We ÿrst prove that S ⊆ S 1 . For a given integer l ∈ {1; : : : ; m} let i ∈ V (G l ). Observe that
Let y ∈ S and suppose
Similar arguments apply to the case V (G l ) ⊆ V AND . Thus, we have proved that every ÿxed point of N is also a ÿxed point of T 1 (N ). Next, we prove that S 1 ⊆ S. Fix i ∈ V (G l ) for some integer l ∈ {1; : : : ; m}. And observe that for every vector
i (y) = 1, and since y k = 1 for every k ∈ G l , there exists j ∈ − G (i) ∩ G l such that y j = 1, hence f i (y) = 1. Therefore we have proved that every ÿxed point of T 1 (N ) is also a ÿxed point of N . This ends the proof of the lemma. 
In this way, the local update functions of Proof. Let S be the set of ÿxed points of N , and for every i ∈ V (G) let f i and f 3 i denote the local update functions of N and T 3 (N ), respectively. Fix i ∈ V AND , hence f i (x) = AND(x i1 ; x i2 ; : : : ; x i k ) then f 3 i (x) = AND(x i1 ; : : : ; x i k ; x i k+1 ; : : : ; x i k+l ) where the set of nodes {i k+1 ; : : : ; i k+l } is such that (i p ; i) ∈ E 3 (G)\E(G) for every p=k +1; : : : ; k +l. Thus, for every vector y ∈ S, if f i (y) = y i = 0 then there exists a node j ∈ {i 1 ; : : : ; i k } such that y j =0, hence f 3 i (y)=0. If f i (y)=y i =1 then for all j ∈ {i 1 ; : : : ; i k } y j =1, and since y is a ÿxed point of N and for every p=k +1; : : : ; k +l f ip (y)=OR(: : : ; y i ; : : :)= (: : : ; 1; : : :) = 1 = y ip , we have f 3 (y) = 1. Therefore, f i (y) = f 3 i (y) for every vector y ∈ S. For the case i ∈ V OR the proof is analogous. Thus, each y ∈ S is also a ÿxed point of T 3 (N ), which proves the lemma.
The set of ÿxed points of T 3 (N ) can be di erent from set of ÿxed points of N as shown in Fig. 3. Deÿnition 8. Let G be a digraph. We say that a subset of nodes F ⊆ V (G) is an independent set (IS) if for all i; j ∈ F; (i; j) ∈ E(G). And F is a maximal independent set (MIS) if it is an independent set contained in no other independent set in the digraph. Thus, the digraph G is called bipartite if V (G) can be partitioned into two independent subsets. Theorem 9. Given N = (G; V AND ; V OR ) with G connected digraph without loops and S its set of ÿxed points. Then there exists an AND-OR networkN = (Ĝ;V AND ;V OR ) withĜ bipartite symmetric connected digraph without loops such that the set of ÿxed points ofN contains S.
Proof. ConstructN from N as follows. LetN =T 3 (T 2 (T 1 (N )))=(Ĝ;V AND ;V OR ) where the function T 1 , T 2 and T 3 are deÿned as in (1), (3) and (4), respectively. Thus, by the property of T 3 ,Ĝ is a symmetric connected digraph without loops. Moreover, sincê V AND andV OR are ISs,Ĝ is also a bipartite digraph.
On the other hand, by Lemmas 3 and 6 the sets of ÿxed points of both T 2 (T 1 (N )) and N are the same, hence by Lemma 7 the set of ÿxed points ofN contains the set of ÿxed points of N .
Maximum number of ÿxed points of AND-OR networks
In this section we study the maximum number of ÿxed points of AND-OR networks, with respect to the size of the set of nodes.
Let N = (G; V AND ; V OR ) be an AND-OR network with G connected digraph without loops. By Theorem 9 there exists an AND-OR networkN = (Ĝ;V AND ;V OR ) withĜ bipartite symmetric connected digraph without loops such that the sets of nodesV AND andV OR are ISs, and every ÿxed point of N is a ÿxed point ofN . Thus, it is su cient to study the maximum number of ÿxed points of AND-OR networks having these properties to know the maximum number of ÿxed points of any AND-OR network.
In the sequel, by simplicity of notation, we assume that any AND-OR network N has the same properties thanN , unless otherwise stated. In this way, given an AND-OR network N = (G; V AND ; V OR ) we construct the following function: Therefore, the maximum number of ÿxed points of the AND-OR networks is equal to the maximum number of MISs on bipartite symmetric connected digraphs. This result allows us to prove the following theorem.
Theorem 13. Given N = (G; V AND ; V OR ) an AND-OR network with G connected digraph without loops. If |V (G)| = n, then the number of ÿxed points of N is at most 2 (n−1)=2 for n odd, and 2 (n−2)=2 + 1 for n even.
Proof. By Theorem 9 the number of ÿxed points of N is no greater than the number of ÿxed points of its transformation T 3 (N ). Thus we can suppose that G is a bipartite symmetric connected graph without loops and such that the sets of nodes V AND and V OR are ISs. By Propositions 11 and 12 the number of ÿxed points of N is equal to the number of MISs of G. On the other hand, a symmetric digraph can be seen as an undirected graph, and Jiuquiang Liu in [9] proved that the largest number of MISs that any bipartite connected undirected graph with n nodes can have is 2 (n−1)=2 for n odd, and 2 (n−2)=2 + 1 for n even; and this number is only reached for networks whose undirected graphs are as shown in Fig. 4a . If x ∈ {0; 1} |V (G )| is a ÿxed point of N , then x i =x h(i) ; ∀i ∈ I , hence it is straightforward that x ∈ {0; 1} |V (G )| is a ÿxed point of N if and only if P(x) = (x i ; i ∈ V (G)) is a ÿxed point of N , which means that the number of ÿxed points of N is equal to the number of ÿxed points of N . Thus, the maximum number of ÿxed points of N is at most the maximum number of ÿxed points of an AND-OR network without loops and 2n nodes, i.e. 
Conclusion
We have determined the maximum number of ÿxed points of AND-OR networks thanks to the study of the maximal independent sets of the digraphs. In other words, we have studied relationships between the dynamical behavior and structural properties of digraph of AND-OR networks. It can give an insight to study dynamical properties of other boolean networks.
On the other hand, it is interesting to note that although the maximum number of ÿxed points of AND-OR networks is large, it is lesser than the number of ÿxed points of other boolean networks as shown in Fig. 6 .
